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Abstract. Classical invariants for representations of one Lie group can often be related 
to invariants of some other Lie group. Physics suggests that the right objects to consider 
for these questions are certain refinements of classical invariants known as conformal blocks. 
Conformal blocks appear in algebraic geometry as spaces of global sections of line bundles 
on the moduli stack of parabolic bundles on a smooth curve. Rank-level duality connects a 
conformal block associated to one Lie algebra to a conformal block for a different Lie algebra. 
In this paper we prove a rank-level duality for type so(2r + 1) on the pointed projective line 
conjectured by T. Nakanishi and A. Tsuchiya. 



1. Introduction 

It has been known for a long time that invariant theory of GL r and the Intersection theory of 
Grassmanians are related. This relation gives rise to some interesting isomorphisms between 
invariants of SL. r and SL S for some positive integer s. To make it precise recall that the 
irreducible polynomial representations of GL r are indexed by r-tuple of integers A = (A 1 > 
■ ■ • > A r > 0) G II . Let V\ denote the corresponding irreducible GL r module. 

Consider A = (A 1 > • ■ ■ > A r > 0) an r-tuple of integers such that A 1 < s. The set of all 
such A's are in bijections with y r , s , the set of all Young diagrams with at most r rows and s 
columns. For A,/x, v in y r>s such that |A| + \fi\ + \u\ = rs we know that 

dim c (V x <8> V„ <g> K) SLr = dim c (V X T <g> V> ® V u t) sl % 

where |A| denote the number of boxes in the Young diagram of A and A T denotes the transpose 
of the Young diagram of A. The above is not only a numerical "strange" duality but the vector 
spaces are canonically dual to each other (see [5]). 

Physics suggests that to understand the above kind of relations for other groups the correct 
objects to consider are certain refinements of the co-invariants known as a conformal blocks. 
Consider a finite dimensional simple complex Lie algebra g, a Cartan subalgebra f) and a 
non- negative integer i called the level. Let A = (Ai, . . . , A n ) be an n-tuple of dominant weight 
of g of level I. To n distinct points p = (Pi, . . . , P n ) with coordinates z — (z±, . . . , z n ) on 
P 1 one associates a finite dimensional vector space VUg, £, z) known as a conformal block. 
More generally, one can define conformal blocks associated to the n-distinct points on curves 
with at most nodal singularities (see Section |2]) of arbitrary genus. Conformal blocks organize 
themselves to form a vector bundle on M 9 n , the moduli stack of stable n-pointed curves of 
genus g. 
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Rank-level duality is a duality between conformal blocks associated to two different Lie 
algebras. In [16], T. Nakanishi and A. Tsuchiya proved that on P 1 , certain conformal blocks 
of sl(r) at level s are dual to conformal blocks of sl(s) at level r. In [I], T. Abe proved a 
rank-level duality statements between conformal blocks of type sp(2r) at level s and sp(2s) 
at level r. It is important to point out that there is no known relation between the classical 
invariants for the Lie algebras sp(2r) and sp(2s). 

The paper [16] suggests that one can try to answer similar rank-level duality questions 
for orthogonal Lie algebras on P 1 . Further, it is also pointed out in [TH] that one should 
only consider the tensor representations i.e. representations that lift to representations of 
the special orthogonal group (see Section 6 in [16]). In the following we answer the above 
question for odd orthogonal Lie algebras. 

Throughout this paper we assume that r, s > 3. Let P 2 ° s+1 (so(2r + 1)) denote the set of 
tensor representations of so(2r + l) of level 2s + l. We can realize the set P2 S+1 (so(2r + l)) as a 
disjoint union of y r>s and <r(y r ,s), where a is an involution P 2 ° s+1 (so(2r + 1)) that corresponds 
to action of the diagram automorphism. Our main theorem is the following: 

Theorem 1.1. Let A = (Ai, . . . , A n ) G y™ s be a n-tuple of weights in P2 S+1 (so(2r + 1)), then 
the following conformal blocks are isomorphic. 

(1) ^/"X^LiM i s even, then 

V x (so(2r + 1), 2s + 1, z) ~ Vt (so(2s + 1), 2r + 1, z), 

where z denotes n-distinct points on P 1 . 

(2) IfJ2™ =l | Aj| is odd, then 

V Xo (so(2r + 1), 2s + 1, z) ~ Vt ct(o) (5o(2s + 1), 2r + 1, z), 

where z denotes n + 1-distinct points on P 1 . 

(3) If^2^=i\W is even, then 

V A V(o)M2r + 1), 2s + 1, z) ~ Vt CT(Q) (so(2s + 1), 2r + 1, z), 
where z denotes n + 1-distinct points on P 1 . 
Remark 1.2. The above statements are independent of each other. 

We briefly discuss the general context of rank-level duality maps. We closely follow the 
methods used in the rank-level duality of conformal blocks in [16], [1] and [3] but there are 
significant differences in key steps. 

Let 0i, Q2 and g are simple Lie algebras and consider an embedding of Lie algebras : 
0i © 02 — > 0- We extend it to a map of affine Lie algebras : 0i © 2 — > 0. Consider a 
level 1 integrable highest weight module "Ha(0) and restrict it to 0i ©02- The module "Ha(0) 
decomposes into irreducible integrable 0i © 2 modules of level £ = (£±,£2) 

rn^UM ® ^(02) ^ H A (9), 

(A^)GB(A) 

where £ is the Dynkin multi index of and is the multiplicity of the component %\(qi) <8> 
^^(02)- In general the number of components B(A) may be infinite. We only consider those 
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embeddings such that |P(A)| is finite. These embeddings are known as conformal embeddings 
(see [13] for more details). 

Further assume that = 1 for all level 1 weight A. Thus for a n-tuple A = (A 1; . . . , A n ) 
of level 1 dominant weights of g we get a map 

n n 

(g)(^(0i) ® um) (g)H Ai ( ). 

i=l i=l 

We take n-distinct points 2 on P 1 and taking "coinvariants" we get a map 

where A = (Ai,...,A n ) and /I = (/ii, . . . , /i n ). If dimc(V^(fl, 1, z)) = 1, we get a map 
V^(fli,^i,5) — >■ Vt(fl2,^2, This map is known as the rank-level duality map. The above 
analysis with the embedding io(2r + 1) © 50 (2s + 1) — > so((2r + l)(2s + 1)) gives the maps 
considered in Theorem ll.il In Section [31 we define the rank- level duality for conformal blocks 
on n-pointed of nodal curves of arbitrary genus. 

Remark 1.3. Though the conformal blocks in Theorem \l.l\ can be identified with the space 
of global sections of a line bundle on the moduli stack of Spin-bundles over P 1 with parabolic 
structures on marked points, I was not able to define the rank-level duality map in Theorem \l.l\ 
geometrically. 

We now discuss the main body of the proof of Theorem 11.11 This can be broken up into 
several steps: 

1.0.1. Dimension Check. The Verlinde formula gives us the dimension of the conformal block. 
Using the Verlinde formula we show that the dimensions of the source and the target of the 
conformal blocks in Theorem ll.il are the same. Unlike the case in [1] we do not have a bijection 
between P 2s+ i(so(2r + 1)) and P 2r+ i(so(2s + 1)) but we get around the problem by considering 
bijection of the orbits of P 2 s+i(so(2r + 1)) and P 2r . + i(so(2s + 1)) under the involution a as 
described in [17]. If A G y™ s and T = {l,er} be the group acting on P 2s+ i(so(2r + 1)), the 
Verlinde formula in this case takes the form 

52 | Orb, | f(ji, A) 

M6P 2s +i(so(2r+l))/r 

where /(/x, A) is a function, constant on the orbits and | Orb M | denotes the cardinality of the 
orbit of fi under the action of T. Using a non trivial trigonometric identity in [T7] and a 
generalization of Lemma A. 42 in [10], we show that the orbit sum | Orb M |/(/i, A) is same for 
the corresponding orbit sum for the Lie algebra so(2s + 1) at level 2r + 1. 

1.0.2. Flatness of rank- lev el duality. The rank-level duality map has constant rank when the 
points z varies (see [0]). The conformal embedding is important in this it ensures 

that the rank-level duality map is flat with respect to the K Z / Hitchin/W ZW connection 
(see [6]) on sheaves of vacua over any family of smooth curves. 
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1.0.3. Degeneration of a smooth family. Let G\ U C2 be a nodal curve where C\ and C2 are 
isomorphic to P 1 intersecting at one point. The conformal block on C\ U C2 is isomorphic to 
a direct sum of conformal blocks on the normalization of C\ U CV This property is known 
as factorization of conformal blocks. A key ingredient of the proof of rank-level duality in [I] 
is the compatibility of the rank-level duality with factorization. T. Abe uses it to conclude 
that the rank-level duality map is an isomorphism on certain nodal curves. 

This property for nodal curves is no longer true for our present case due to the presence of 
"non-classical" components(i.e. components that do not appear in the branching of the finite 
dimensional irreducible module) in the branching of highest weight integrable modules. We 
refer the reader to Section [3] for more details. 

We consider a family of smooth curves degenerating to a nodal curve Xq. Instead of looking 
at the nature of the rank-level duality map on the nodal curve we study the nature of the 
rank-level duality map on nearby smooth curves of the nodal curve Xq under any conformal 
embedding. We use the "sewing procedure" of [21] to understand the decomposition of the 
rank- level duality map near the nodal curve X . The methods used in this step are similar 
to [3] . This degeneration technique and the flatness of the rank- level duality enables us to use 
induction similar to [TH] and pQ to reduce to the case for one dimensional conformal blocks 
on P 1 with three marked points. 

1.0. 4. Minimal Cases. We are now reduced to show that the rank-level duality maps for one 
dimensional conformal blocks on P 1 with three marked points are non-zero. Our proof of 
this step differs significantly from that in [I] as we were not able to use any geometry of 
parabolic vector bundles with a non-degenerate form. This is again due to the presence of 
non-classical components. Using [13] , we construct explicit vectors v\ V2 <8> ^3 in the tensor 
product of three highest weights module and show by using the "Gauge Symmetry" that 
ty(vi <8> V2 ® V3) 7^ 0. It will be very interesting if one can define that rank-level duality map 
in this case purely in language of vector bundles with a non degenerate form. 

1.1. Acknowledgments. I am very grateful to Prakash Belkale for the discussions and ideas 
that were immensely useful during the preparation of this manuscript. This paper will form 
a part of my dissertion at UNC-Chapel Hill. I would also like to thank Shrawan Kumar, 
Christian Pauly and Catharina Stroppel for helpful discussions. 



We recall some basic definitions from [21] in the theory of conformal blocks. Let g be a 
simple Lie algebra over C and h be a Cartan subalgebra of g. We fix the decomposition of g 
into root spaces 



where A is the set of roots decomposed into a union of A + U A_ of positive and negative 
roots. Let (, ) denote the Cartan Killing form on g normalized such that (9, 9) = 2 where 9 
is the longest root and we identify \) with f)* using the form (, ). 



2. Basic Definitions in the theory of Conformal blocks 
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2.1. Affine Lie algebras. We define the affine Lie algebra g to be 

5 := Q ® C((0) ffi Cc 

where c belong to the center of and the Lie bracket is given as follows: 

[X /(e), Y ® <?(£)] = [X, Y] <8> /(0^(0 + F) Res 5=0 M/).c, 

where X, F G g and / (£),<?(£) <E C((£)). 

Let X(n) = X ® £ n an d X = X(0) for any X G g and n G Z. The finite dimensional Lie 
algebra g can be realized as a subalgebra of g under the identification of X with X(0). 

2.2. Representation Theory of affine Lie algebras. The finite dimensional irreducible 
modules of g are parametrized by the set of dominant integral weights P + C f)*. Let V\ denote 
the irreducible module of highest weight A G P + and v\ denote the highest weight vector. 

We fix a positive integer I which we call the level. The set of dominant integral weights of 
level £ is defined as follows 

Pt(s) :={XeP + \(X,e)<£)} 

For each A G Pe(s) there is a unique irreducible integrable highest weight g module T-L\ which 
satisfies the following properties: 

(1) v x c um 

(2) The central element c of g acts by the scalar I. 

(3) Let v\ denote a highest weight vector in V\ then 

X 9 (-iy-^ +1 v x = 0, 

where Xg is a non-zero element in the weights space of Qg. More over H\(q) is 
generated by V\ over g with the above relation. When A = 0, the corresponding 
g-module "Ho(s) is known as Vaccum representation. 

2.3. Conformal Blocks. We fix a n-pointed curve C with formal neighborhood rji, ... ,rj n 
around the n-points p = (Pi, . . . , P n ) which satisfies the following properties 

(1) The curve C has at most nodal singularities. 

(2) The curve C is smooth at the point Pi, ... , P n . 

(3) C — Pi, . . . , P n is an affine curve. 

(4) A stability condition (equivalent to the finiteness of the automorphisms of the pointed 
curve) 

(5) Isomorphism rji : Oc,Pi — C[[£]] for i — 1, . . . , n. 

We denote by X = (C;p; rji . . . r) n ) the above data associated to the curve C. We define 
another Lie algebra 

n 

0n:=0g®cC((&))©Cc 

i=l 

where c belongs to the center of g n and the Lie bracket is given as follows: 

n n n n 

X ® fu J2 Y *® 9i] ■= J2^ Xi > ® f& + J2( Xi > Fi ) Re %i=o(9idfi)-c 

i=l i=l i=l i=l 
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We define the block algebra to be g(X) :— g <g> T(C — {Pi, . . . , P n }, Oc)- By local expansion 
of functions using the chosen coordinates & we get the following embedding 

g(X) ^ g n 

Consider n-tuple of weights A = (Ai, . . . , A n ) G -P"(g). We set Hx(g) = "Hai(s) ® • ■ ■ <S> 
^a„(s)- The algebra g„ acts on T-L^(g). For any I G g and / G C((£j)), the endomorphism 
Pi(X <g) /(&)) is given by the following: 

Pi (X ® <g> • • • (8) k) = ® X ® <8> k) 

where k G "Ha; for each i. 

Definition 2.1. M^e define the space of conformal blocks 

Vt{X,g) := Homc(%/ fl (3£)%,C) 

W^e define the space of dual conformal blocks, V?(X, g) = H^/ g{X)Ht. These are both finite 
dimensional C-vector spaces which can be defined in families. The dimensions of these vector 
spaces are given by the Verlinde Formula. 

We will follow Dirac's bra-ket notations. The elements of vUx,g)( or Tit) will be denoted 

A A 

by (^| and those of the dual conformal blocks ( or by |$) and the pairing by (^|$). 

Remark 2.2. Let X G g and f G T(C - {P 1} . . . , P n }, O), then every element of G 
V|(X, g) satisfies the following "Gauge Conditions" : 

n 
i=l 

2.4. Propagation of Vacua. Let P n +i be a new point on the curve C with coordinate r] n+ i 
and X' denote the data. We associate the vaccum representation "H to the point P n+ i and 
A' = A U {A„ + i = 0}. The "propagation of vaccum" gives an isomorphism 

/: v\{X,g)^V\{X,g) 

where 

where |0) is a highest weight vector of the representation Ho, |0) G and (^'| is an arbitrary 
element of VUX', g) 

2.5. Conformal Blocks in a Family. Let g be a simple Lie algebra over C and A G P^{g). 
Consider a family T = (ir : C — > B; s%, . . . ; s n , £i, . . . , £ n ) of nodal curves on a base B with 
sections Sj and formal coordinates £j. In [21], a locally free sheaf "^(J 7 , g) known as sheaf of 

Conformal blocks is constructed over the base B. It is constructed as a subsheaf of 0$ £g> nL. 
The sheaf VAT, g) commutes with base change. Similarly one can define another locally free 
sheaf V^(F, g) as a quotient of Oq <S> H? 

More over if J 7 is a smooth family of projective curves, then the sheaf VAJ-) carries a 
projectively flat connection known as the K Z / Hitchin/W ZW connection. We refer the 
reader to [2TJ for more details. 
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Remark 2.3. When the level £ becomes unclear we also include it in the notation of confor- 
mal blocks. So if X is the data associated to a n-pointed curve with chosen coordinates and 
we consider n-tuple of level £ weights A of the Lie algebra q, we denote the conformal block 
by Vi(X, Q,£) and the dual conformal block by V^(X, g, £) . 



3. Conformal Subalgebras and Rank-level duality map 

In this section we discuss conformal embeddings of Lie algebras and give a general formu- 
lation of the rank- level maps. 

3.1. Conformal Embedding. Let s, q be two simple Lie algebra and : s — > q be an 

embedding of Lie algebras. Let (, ) s and (, ) g denote the normalized Cartan killing form such 
that the the length of the highest root is 2. We define the Dynkin-index of <fi to be the unique 
integer such satisfying 

(0O),0(j/)) B = d^(x,y) s 

for all x, y G s. When s = Q\ ffi 02 is semisimple, we define the Dynkin-multi index of 
4> = <pi ffi 4> 2 ■ 0i ffi 02 ->■ to be d^ = {d^dfo). 

If is simple, we define for any level £ and a dominant weight A of level £, the conformal 
anomaly c(q,£) and the trace anomaly A^(0) as 

£dimg (A,A + 2p) 

where g* is the dual coxeter number of and p denotes the Weyl vector. If = 0i ffi 02 
is semisimple, we define the conformal anomaly and trace anomaly by taking sum of the 
conformal anomaly for each simple component. 

Definition 3.1. Let <fi = (<pi,<f)2) '■ s = 0i © 02 — > be an embedding of Lie algebras with 
Dynkin-multi index k = (kx, k 2 ). We define (ft to be a conformal embedding s in q at level £ if 
c(0i, hi) + c(0 2 , k 2 £) = c(0, £) . 

It is shown in [13] that the above equality only holds if £ = 1. Many familiar and important 
embeddings are conformal. For a complete list of conformal embedding we refer the reader 
to Next we list two important properties which makes conformal embeddings special. 

(1) We recall (see [12]) that, since s = 0i ffi 02 is semisimple, (ft : s — > is a conformal 
subalgebra is equivalent to the statement that any irreducible 0- module T-L\(g) of level 
1 decomposes into a finite sum of irreducible s-modules of level £ = {£\,£<i). 

(2) If <f) : s is a conformal embedding, then the action of the Virasoro operators are 
same i.e. for any n the following equality holds 

V n = LI e End(7£ A (fl)), 

where L B n and L^ are n-th Virasoro operators of s and acting at level £ and 1 
respectively. We refer the reader to [12] for more details. 
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3.2. General context of Rank-level duality. Consider a level 1 integrable highest weight 
0- module %k{q) and restrict it to $ji © 02- The module 'Ha(q) decomposes into irreducible 
integrable $31 © 2 modules of level £ = {£1, £2) as follows: 

rn^Hx(di) © KM ~ H A (a), 

(A,a»)6B(A) 

where £ is the Dynkin multi index of and ra^ is the multiplicity of the component T-L\(qi) © 
Unite)- Since the embedding is conformal, we know that both |P(A)| and Tn% are finite. 

We consider only those conformal embeddings such that for every A G Pi(q) and (A,//) G 
-B(A), the multiplicity = 1. Let A = (Ai,...,A n ) be a n-tuple of level 1 dominant 

weights of 0. We consider and restrict it to 0i © 52- Choose A = (Ai, . . . , A re ) and 

jl = (/ii, . . . , such that (Aj, fa) G -B(Aj) for all 1 < % < n. We get a map 

n n 

(g)(^(si) (8)^(0). 

8=1 1=1 

Let X denote the data associated to a curve C of genus g with n-distinct point p = 
(Pi, . . . , P n ) with chosen coordinates £1, . . . , £ n . Taking coinvariants with respect to q(X) we 
get the following map: 

a : V X (X, 01 , h) © V^(£, 02 , £ 2 ) V x (£, , 1), 
If dimc(V^(X, 0, 1)) = 1, we get a map well defined up to constants 

a v : V x (£,0i,4)->Vj(£,0 2 ,* 2 ). 
This map is known as the rank-level duality map. 

Definition 3.2. Lei A G P^(fli) owei A* ^ P^G-te)- The pair (A,/2) called admissible if one 
can define a rank-level duality map between the corresponding conformal blocks. 

Let T = {tt : C — > B; s±, . . . , s n ; £1, . . . , £„) be a family of nodal curves on a base £> with 
sections and local coordinates £j. The rank- level duality map a can be easily extended to 
a map of sheaves 

a(T) : V X (P, 01 , it) © tyCF, 02, ^2) V X (P, 0, 1), 

3.3. Properties of Rank-level duality. In this section we recall some interesting properties 
of the rank-level duality maps. The following Proposition tell us about the behavior of the 
rank- level duality map in a smooth family of curves. For a proof see [6] . 

Proposition 3.3. Let P = {it : C — > B; s\, . . . , s n ; £1, . . . , £ n ) be a family of smooth projective 
curves on a base B with sections Sj and local coordinates £j. Then the rank-level duality map 
a is projectively flat with respect to the KZ/Hitchin/WZW connection. 

The rank-level duality map commutes with the propagation of vacua. The following has a 
direct proof. 
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Proposition 3.4. Let Q be a point on the curve C distinct from p = (Pi, . . . , P n ) and X' be the 
data associated to the n-pointed curve. Consider A' = (Ai, . . . , A n , 0) and // = (fii, . . . , /i n , 0). 
The rank level duality map V X (X,Qi,£i) — > Vt(X, g 2 ,4) is an isomorphism if and only if the 
rank level duality map V^,(X', &i,£i) —> Vt (£', g 2 , £2) an isomorphism. 

3.3.1. Diagram automorphisms and rank-level duality. Let G be the complex simply con- 
nected group with Lie algebra g. The center Z(G) acts as diagram automorphism of the 
affine Lie algebra g. The action of the center preserves the Cartan subalgebra of g and hence 
it acts on Pe(g). Consider T(G) = {(o~i, . . . , a n ) G Z{G) n \ \Yi=\ a * = ^} an d f° r & e r(G) we 
denote by a A = (o"iAi, . . . , o~ n A n ). The following is one of the main results in [TTj . 

Proposition 3.5. Let X be the data associated to n-distinct points with chosen coordinates 
on P 1 . Then there is an isomorphism 

Q:V x (X,Q,£)^V ffX (X,Q,£). 

More over the isomorphism is flat with respect to the KZ/Hitchin connection. 

The map also have the following functorial property under embedding of Lie algebras. 
Let Gi, G 2 and G be simply connected Lie groups with simple Lie algebras gi, g 2 and g 
respectively. Consider a map : G\ x G 2 — > G and let d(p : gi © g 2 — > g be the map of Lie 
algebras. The proof of the following can be found in |15j . 

— * — * 

Proposition 3.6. Let E G T(G), a G T[G\) be such that 4>{&) = E, then the pairing 

V X (X, 01 , £0 ® Vt(X, g 2 , £ 2 ) Vt(X, g, 1) 
non degenerate if and only if the following pairing is non degenerate 

V ffX (X, g 1; £,) ® V*(£, g 2 , t 2 ) V^(X, g, 1). 

4. Sewing and compatibility under factorization 

First we recall the following Lemma from [2T]. We refer the reader to [2T] for the definition 
of the sheaf of conformal blocks. In this section we briefly recall a key compatibility theorem 
from [3]. Our notation is similar to [3]. 

Lemma 4.1. There exists a bilinear pairing 

(,) A :H A xH At ^C 

unique up to a multiplicative constant such that 

(X(n)u, v) x + (u, X(-n)v) x = 0. 

for any X G g, n G Z ; u G "Ha and v G "H A t- Moreover the restriction of the form (, ) A to 
T-L\{m) x "H A t(m') is zero ifm^m' and is non degenerate ifm — m'. 

Since the restriction of the bilinear form (, ) A to %\{m) x "H A t(m) is non degenerate, this 
gives an isomorphism of "H A t(m) with "H A (m)*. Let 7 A (m) be the distinguished element of 
%\{m) ®%\\{m) given by (, ) A . Let t be a formal variable. We given A G Pe(&), we construct 
an element 7 A = J2m=o l\( m )t m of "H A <8> "H A t [[*]]■ 
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4.1. Sewing. We are now ready to describe the sewing procedure in [21]. Let B = Spec C[[£]]. 
We consider a family of curves X over B such that its special fiber Xq is a curve Xq over C with 
exactly one node and its generic fiber X t is a smooth curve. Consider the sheaf of conformal 
blocks Vi(X, g) for the family of curves X. The sheaf of conformal blocks commutes with 

base change and the fiber over any point t G B coincides with VUx t , g), where X t is the data 
associated to the curve X t over the point t G B. 

Let Xq be the normalization of X Q . For A G i^(fl), the following isomorphism is constructed 
in [21] 

© V lAt,A^S)^ V l( X '0)' 

AgP £ ( ) 

where X is the data associated to the (N + 2)-points of the smooth pointed curve X Q . 

In [21], a sheaf version of the above isomorphism is also proved. We briefly recall the 
construction. For every A G Pe{d) there exists a map 

s " :V U,x^^)^Vl(X,g), 

where S\(ip) = and ip{u) := ip(u® 7a) G C[[i]] for any S G "H^tM]- This ma P ex t en ds to a 
map sa(£) of coherent sheaves of C[[t]]-modules 

Sx(t):Vl xiX (X,Q)®C[[t]}^Vl(X,g). 

With the above notation, the following is proved in [21] 
Proposition 4.2. The map 

®s x (t) : Vj^&fl) ®C[[f]] V|(*,g). 

ASP* (9) 

zs an isomorphism in a neighborhood oft = 0. 

4.2. Factorization and compatibility of rank-level duality. Consider a conformal em- 
bedding of s — > q. Assume that all level one highest weight integrable modules of g decom- 
poses with multiplicity one. As before let X be a family of curves of genus over C[[t}] such 
that the generic fiber is a smooth curve and the special fiber is a nodal curve. 

Let A = (Ai, . . . , \ n ) be a n-tuple of level 1 weights of g and /2 G -B(A). We get a map 
%ji(s) — > %^{q). As discussed in Section [3l we get a C[[t}] linear map 

a(t):Vi(X, d )^Vl(X, 5 ). 

For ji G -B(A), we denote by the rank level duality map 

and the extension of aj^ to a C[[t]] linear map 

a ^(*) : V^Afl) ® C[[t]] Vl^(X ,s) ® C[[t]] 
The next Proposition from [3] describes how a(t) decomposes under factorization. 
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Proposition 4.3. In a neighborhood oft = we have 

a(t)o Sx (t)= t^s^oax^t), 
neB(\) 

where are integers depending on \i. 

Remark 4.4. The integers are non zero if the finite dimensional s module does not 
appear in the decomposition of the finite dimensional g module V\. This numbers controls 
the nature of the rank-level duality map on a nodal curve. 

Suppose V and W are vector bundles of same rank and L be a line bundle on SpecC[[t]]. 
Let / be a bilinear map from V <S> W — > L. Assume that in a neighborhood of t — 0, there 
are isomorphisms 

®s t : V -> V, 

Further assume that s : L — > L is an isomorphism. Let fij be maps from Vi <S> Wj —> L such 
that fij = for i ^ j and s o f — t mi {fi,i ° ( s « ® U))- The following Lemma is easy to 
prove. 

Corollary 4.5. The map f is also non degenerate on U* = U\{t = 0} if and only if for all 
% G I the maps f\^ 's are non degenerate, where U is a neighborhood of t. 

5. Branching Rules for conformal embedding of orthogonal Lie algebras 

In this section, we discuss the branching rule for the conformal embedding so(2r + 1) © 
so(2s + 1) ->■ so((2r + l)(2s + 1)). 

5.1. Representation of so(2r + l). Let Eij be a matrix whose i,j-th entry is 1 and all other 
entries are zero. The Cartan subalgebra f) of so(2r + 1) is generated by diagonal matrices of 
the form Hi = E^i — E r+i ^ r+i for 1 < % < r. Let Lj G ()* be defined by Li(Hj) = 8^j. The 
normalized Cartan killing form on t) is given by (Hi, Hj) = 5ij. Under the identification of ()* 
with i) using the Cartan Killing form the image of Lj is Hi for all 1 < % < r. 

We can choose the simple positive roots of so(2r + 1) to be a% = L\ — L 2 ,a 2 = L 2 — 
L 3 , . . . , a r -\ = L r _i — L r , a r = L r . The highest root 9 = L\ + L 2 = ct\ + 2a 2 + ■ ■ ■ + 2a r . 
The fundamental weights of the B n are Ui = L\ + L 2 + ■ ■ ■ + Li for 1 < i < r and u r = 

\(U + L 2 + ■■■ + L r ). 

The dominant integral weights P + of so(2r + 1) can be written as 

P + = Pj U Pi 

where P° is the set of dominant weight A = Y7i=i a i u i suc h that a r is even and P_J; := P° +u r . 
Let y r be the set of Young diagrams with at most r rows and y r>s denote the set of Young 
diagrams with at most r rows and s columns. Then P° is in bijection with y r . 

Combinatorially any dominant weight A of P + can be written as Y + tu r where t = {0, 1} 
and Y ey. If t = 0, then A G P? and if t = 1, then A G Pi. 
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Let A = X)i=i a i u i b e a dominant integral weight. Then (9, X) = a± + 2{a 2 + • • • + a r -i) + a> r - 
The set of level 2s + 1 dominant weights are described below: 

P 2s+ i(so(2r + 1)) = {A G P+|ai + 2(a 2 + • • • + a r _i) + a r < 2s + 1}. 

5.2. Action of center on weights. An element a of the center of the group Spin(2r + 1) 
acts as outer automorphisms on the affine Lie algebra sb(2r + 1). For details we refer the 
reader to [13]. The action of a on the P 2s +i(so(2r + 1)) is given by cr(A) = (2s + 1 — (ai + 
2(a 2 + ■ ■ - + a r _i) + a r ))oJi + a 2 uj 2 + • • ■ + a r uj r . We denote by P 2 ,, +1 (so(2r + 1)) the intersection 
P+ H P 2s +i(so(2r + 1)). The following Lemma can be proved by direct calculation. 

Lemma 5.1. The action of a preserves the set P 2 ° s+1 (so(2r + 1)) and P 2s+1 (so(2r + 1)) = 

y r , s ua(y r , s ). 

We now describe the orbits of P 2 <; + i(so(2r + l)) under the action of the center following |17j . 
Let p = J2l=i u i be the Weyl vector. For A = Y!h=i a i u ij the weight A + p = Yll=i where 
ti = ai + 1. Put Ui = Y^jZi tj + \ for 1 < % < r, u r = y and u r+ \ = 0. 

The set P 2s+ i(5o(2r + 1)) gets identifies with the collection of sets U = {u\ > u 2 > ■ ■ ■ > 
u r > 0) such that 

• Ui G |Z. 

• Ui — Ui + i G Z. 

• ni + n 2 < 2(r + s). 

Let P 2 "^ +1 (so(2r + 1)) denote the set of weights in P 2s+ i(so(2r + 1)) such that Ui G Z. 

Let us set k = 2(r + s). We now describe the action of the center T on P 2s+ i(so(2r + 1)) in 
as exchanging t± with t = k — t\ — 2t 2 — ■ ■ ■ — 2t r _i — t r or in other words changing u\ with 
k — u\. We observe that the action of Y preserves P 2 + +1 (so(2r + 1)) and P 2s+1 (so(2r + 1)). 
Then we can identify the orbits of the action of V as follows : 

P2s+i(so(2r + l))/T = {U = Oi, . . . ,u r )\ - > Mi > u 2 > ■ ■ ■ > u r > 0,u { G ^Z,Ui~u i+1 G Z}. 

and the length of the orbits is given as follows: 

• \T{U)\ =2 if «i < I- 

• \T(U)\ = 1 if ui = \. 

For any number a and a set C/ = [u\ > u 2 > ■ ■ ■ > u r ) denote by U — a and a — U, the set 
{iti — a > u 2 — a > ■ ■ ■ > u r — a] and {a — u r > a — w r _i > • • • > a — u{\ respectively. The 
following two Lemmas from [17] gives a bijection of orbits. 

Lemma 5.2. Let P 2r+1 (so(2s + 1)) denote the weights of so (2s + 1) of level 2r + 1. Then 
there is a bijection between the orbits of P 2 ^ +1 (so(2s + 1)) and the orbit of P 2 ^ +1 (so(2s + 1)) 
given by 

U = («l > U 2 > ■ ■ ■ > U r ) -> U C = (u\ > ■ ■ ■ > U° s ) 

where U C [r + s] of cardinality r and U c is the complement of U in [r + s] . 

For A G P 2s+1 (so(2r + 1)). We write A + p = YH=i( u i ~ where u\ are all integers. We 
identify the identify the orbits of P 2s+1 (so(2t + i)) under T as subsets U' = (u[ > u' 2 > ■ ■ ■ > 
u' T ) of [r + s]. 
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Lemma 5.3. There is a bijection between the orbits of P 2 ° s+1 (so(2s + 1)) and the orbits of 
P 2 ° r+1 (so(2s + 1)) given by 

U' = {u\ >u' 2 > ■■■> u' r ) -»• ((r + s) + 1 - U' c ) = (u'i > ■■■> <) 

where U' C [r + s] o/ cardinality r and U' c is the complement of U' in [r + s] . 

5.3. Branching rules. We now describe the branching rules for the conformal embedding 
so(2r + 1) ©so(2s + 1) C so((2r + l)(2s + 1)). Let N = (2r + l)(2s + 1) =2d + l. The level 
one highest weights of sb(N) are 0, u>\ and Ud- The decompositions of the level one integrable 
highest weight modules of weight and u\ are given in the following Proposition. For a proof 
we refer the reader to |13j . 

Proposition 5.4. Let T-Lq(so(N)) and "Hi (so (iV)) denote the highest weight integrable modules 
of the ajfine Lie algebra with highest weight and u\ respectively. Then the module H := 
Ho(so(N)) © Hi (so (TV)) breaks up as a direct sum of highest weight integrable module of 
sb(2r + 1) © so(2s + 1) of the form 

• U x (so(2r + 1)) © U x t(so(2s + 1)). 

• H x (so(2r + 1)) © n aX T{so(2s + 1)). 

• n aX {so{2r + 1)) © n X T(so(2s + 1)). 

• H aX (so(2r + 1)) ® n aX T{so{2s + 1)). 

where A G y riS and a an automorphism associated to the center of the simply connected 
group. More over all of the above factors appear with multiplicity 1. 

We need to determine which factor in the above decomposition rules comes from Ho(so(N) 
and which factor comes from 7ii($o(N)). 

Lemma 5.5. 

A o (so(A0) = A m (so(N)) = ± 

Lemma 5.6. For A G y r>3 we have the following equality 

A A (so(2r + 1)) + A a t(so(2s + 1)) = ~|A| 

Corollary 5.7. Let Ho(so(N)) denote the level 1 highest weight integrable £b(N) -module of 
weight 0. Then the following factors appears as the decomposition of %q{so{N)) as sb(2r + 
1) © sb(2s + 1) modules. 

• H x (so(2r + 1)) © H x t(so(2s + 1)), when |A| is even. 

• H (T \(so(2r + 1)) © ^ ctA t(5o(2s + 1)), when |A| is even. 

• H aX (so(2r + 1)) © "H a t(so(2s + 1)), when |A| is odd. 

• H x (5o(2r + 1)) © "H ctA t(so(2s + 1)), when |A| is odd. 

Corollary 5.8. Let 'H 1 (5o(A r )) denote the level 1 highest weight integrable £b(N) -module of 
weight U\. Then the following factors appears as the decomposition of T-Lo(so(N)) as sb(2r + 
1) © sb(2s + 1) modules. 

• U x (so(2r + 1)) © H x t(so(2s + 1)), when |A| is odd. 

• / H a x(so(2r + 1)) © H (tX t{so{2s + 1)), when |A| is odd. 

• 1-L aX (so(2r + 1)) © H x t(so(2s + 1)), when \X\ is even. 
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• %\(so{2r + 1)) <g) "H ctA t(5o(2s + 1)), when |A| zs ei>en. 

Remark 5.9. Except A = one? A = U\, all the components that appear in the above 
decomposition does not appear in the decomposition of standard and trivial representations of 
the finite dimensional Lie algebra so {2d + 1) into so(2r + 1) © so (2s + 1) -modules. This is 
the main obstruction to construct the rank-level duality map in Theorem \1.1\ geometrically. 
It is important to study this map geometrically to understand rank-level duality on curves of 
higher genus. This will be considered in a subsequent paper. 

6. Dimensions of some conformal blocks 

In this section, we calculate the dimension of some conformal blocks. Let g be any simple 
Lie algebra and Sg denote the Lie subalgebra of g isomorphic to st 2 generated by H 9 , q 9 and 
Q-0. A g-module V of level i decomposes as a direct sum of Sg modules as follows: 

V ~ ®UiV l 

where V 1 is a direct sum of s^ modules isomorphic to Sym J C 2 . We recall the following 
description of conformal blocks on 3-pointed P 1 from [I]. 

Proposition 6.1. Let X be the data associated to the 3-pointed P 1 and A,/x, v e Pi(q) with 
chosen coordinates. Then the conformal block V\ (X, g) is canonically isomorphic to the 
space of g invariant forms <fi onV\®V^® V v such that the <fi restricted to <E> V* is 

zero when ever p + q + r > 11. 

6.1. The case g = so(2r + 1) with level 1. Let p = (Pi, P 2 , P3) be three distinct points on 
P 1 with chosen coordinates and 3£ be the associated data. The level one dominant integral 
weights of so(2r + 1) are 0, u)\ and u r . Let V Xl Aa Xs (X,so(2r + 1)) denote the conformal blocks 
on P 1 with three marked points and weights Ai,A2,A3 at level 1. The following are proved 
in 0: 

. dim c Vi liWli0 (X, 5 o(2r + l)) = l 
. dim c Vt iitJiiWi (X, S o(2r + l))=0 
. dim c Vt iitJi ^(X, S o(2r + l))=0 
. dim c Vt i ^ r (X,so(2r + l)) = l 

Lemma 6.2. Let P±, . . . P n be n distinct points on P 1 with chosen coordinates and X be the 
associated data. Assume that A = (u\, . . . ,coi). Then dim^ Vt(X, so(2r + 1), 1) = 1 if n is 
even and zero if n is odd. 

Proof. The proof follows from above and factorization of conformal blocks. □ 

6.2. The case g = so(2r + 1) at level £. We calculate the dimension of some special 
conformal blocks on 3 pointed P 1 at any level £. We first recall the following tensor product 
decomposition from |14j : 

Proposition 6.3. Let A = £)i=i 0^ G P£. The Littlewood- Richards on rule for the tensor 
product decomposition of V\ <8> V u)1 is given as follows: 
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where 7 is either A if a r 7^ or is obtained from A by adding or deleting a box of the Young 
diagram of A . 

We use the above Proposition to calculate the dimension of the following conformal blocks. 

Proposition 6.4. Let A = ^[=1 a « c<; « e ^ + - Assume that A £ P^(so(2r + 1)). T/ien £/ie 
dimension of the conformal block V x l (X,so(2r + 1)) of level £ is 1 where 7 is either A if 
a r 7^ or is obtained from A by adding or deleting a box of the the Young diagram of A and 
otherwise. 

Proof. The otherwise part follows directly from Proposition 16.31 Assume that a r 7^ and 
7 is either A or obtained from A by adding or deleting a box. For a so(2r + 1) equivariant 
form (f) on V\ (g) CS> V^, it's restriction to <E> Vjf <8> is zero, since C 2 ® Sym C 2 does 
not contain Sym £ C 2 as an s[2(C)-submodule. Thus by Proposition 16.11 the dimension of 
V^ 7Wi (j£, so(2r + 1)) is one. The case when a r = follows similarly. 

□ 



7. Rank level duality map. 

In this section using the branching rule we describe the rank level duality map. We consider 
the following weights: 

• Ai = (A il7 Aia, . . . , A in J and Af = (A£, A£, . . . , A^) where A ia £ 3^ such that |A io | is 
odd for each 1 < a < n\. 

• = (?*h, ■ ■ ■ , °"^n 2 ) and = • • • ' a ( A I l2 ))' where A J« G ^> s such that 
is odd for all 1 < a < n 2 

• \ k = (a\ kl ,...,aX kn3 ) and A^ = (A^, . . . , A^), where X ja £ y r<s such that |A*J is 
even for all 1 < a < n 3 . 

• Xi = (X h ,X h ,...,X ln J and Af = (a(XfJ, . . . ,a(Xf n J) where A ia £ ^ such that |AJ 
is even for each 1 < a < n^. 

• Pi = (Ph,---,/3i mi ) and Pi = (fiiv 0h> ■ ■ ■ 1 0LJ where X ia £ D^a such that \X ia \ is 
even for each 1 < a < vii\. 

• Pj = (o-Pn, • • • , o-/3 jm2 ) and Pj = (o-(/3j), . . . , 0-(/?JJ), where #,•„ £ ^ r , s such that |/3 ja | 
is even for all 1 < a < rri2 

• (3 k = (ap kl , . . . , cT/3 fcm3 ) and = ($£,... , /3j mg ), where A ia £ ^ such that |/3 fc J is 
odd for all 1 < a < m 3 . 

• A = iPix, A a , • • •, A m J and ^ = (tr(/9j), . . .,<r(#^)) where £ Io e ^r, s such that |/3J 
is odd for each 1 < a < r«4. 

Let n = X^i=i( n « + m i) be a positive integer, A = Aj U A j U A& U A/, A T = Af U Xj U Aj[ U Af , 
P = (3iU (3jU (3 k U (3i, (3 T = (3f U (3j U /3j U /3 Z T and X be the data associated to n distinct points 
on P 1 with chosen coordinates. Then we have the following map between conformal blocks 

a : V Xu0 (X,So(2r + l),2s + 1) <g> V XT[J0T (X,so(2s + l),2r + 1) -> V wlU(3o (X,so(iV), 1), 

where cJi = (uji, . . . , cui) is (ni + n 2 + n 3 + ri 4 )-tuple of wi's and = (0, . . . , 0) be a (mi + 
m 2 + m 3 + m4)-tuple of O's. 
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Assume that (n\ + n<i + n 3 + 714) is even, then dime ^(X, so(N), 1) = 1. Then we have 
the following map: 



This map a v is called the rank-level duality map. The main result of this paper is the 
following: 

Theorem 7.1. The rank level-duality map defined above is an isomorphism. 

The rest of the paper is devoted to the proof of Theorem 17.11 First we observe that by 
Proposition 13.61 and Proposition I3.4[ we can reduce the statement of Theorem 17.11 into the 
following non-equivalent statements. We will use these to check that the source and the target 
of the rank-level duality maps are same. 

(1) If Y^7=i M * s even ; then 



Remark 7.2. The decomposition of the highest integrable module of so (AT) with highest 
weight ujd is also given in [13] • Also the decomposition of level highest weight integrable for 
all orthogonal Lie algebras are given in [13]. A similar study of rank-level duality questions 
for the other cases will be done in a subsequent paper. 



In this section we prove that the dimensions of source and the target of Theorem 17.11 are 
same. 

8.1. Weyl Character formula. Here we first state a basic matrix identity which is an easy 
generalization of a Lemma A. 42 from [10]. If A = (a^) is an (r + s) x (r + s) matrix and U = 
(ui, . . . , u r ) and T — (ti, . . . , t r ) be two sequence of r distinct integers from {1, 2, . . . , (r + s)}. 
Let Au t T denote the r x r matrix whose i,j-th entry is a Uitt . Similarly define the sxs matrix 
Bijc T c where U c and T c are the complement of U and T. 

Lemma 8.1. Let A and B be two (r + s) x (r+s) matrices whose product is a diagonal matrix 
D whose (i,i)-th entry is a\. Let ir = (U,U C ) and (T, T c ) be permutations of the sequence 
(1, . . . , r + s) where \U\ = \T\ = r. Then 



Proof. Consider the permutation matrix P, Q 1 associated to the permutation (U, U c ) and 
(T, T c ) respectively. Then 



(7.1) 



a v : V Xu *(X, so(2r + 1), 2s + 1) -> VL , T (£, so(2s + 1), 2r + 1) 



V x (X,so(2r + 1), 2s + 1) ~ Vt (X,so(2s + l),2r + 1) 

A 

(2) If XT=i M i s °dd, then 

V X>0 (£, so(2r + 1), 2s + 1) ~ ^^(X, so(2s + 1), 2r + 1) 

(3) If Y^i=i 1S even, then 



V X/T(0) (X,so(2r + 1), 2s + 1, z) ~ (3E,«(2a + 1), 2r + 1) 



8. Equality of dimensions 



(ott^+i) • • • «7r(r+s)) det ^4(/,t = sgn(C7, ?7 C ) sgn(T, T c ) det A det B T c Uc 




where A, 



U,T — A\ 
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and similarly 



Now 



Q- l BP- 1 = ^ ^ ^ J where B T c >c/c = 5 4 



A x A 2 A / /, £? 2 \ _ / At 
A 3 A 4 ) X I B A ) \ A, A 



where A is a diagonal matrix whose (i, i)-th entry is a vr ( r+ j). Taking determinant of both sides 
of the above matrix equation we get the desired equality. □ 

We are now ready to state the Weyl character formula for so(2r + 1) following [10J. Let 
u G P 2 ° s+1 (so(2r + 1)) and a + p = J2l=i u i^i where iij is as defined in a Section 5. Let 
A = Yll=i be any dominant weight of so(2r + 1) and V\ be the irreducible highest weight 
module of so(2r + 1) with weight A. Then by the Weyl character formula 

. n + p det (( u ^+ r ~i+h) - ^-^i+r-i+h)) 

Try A (exp7TV-l7 r) = : ; — ; — — - 



det (( Mi ( r '--?' + 2) - ^-«i( r -i+2)) 

where « + p is considered as element of f) under the identification of f) with f)*, exp is the 
exponential map from so(2r + 1) to S0 2r+ i, £ = exp ( 7r ^? )- 

8.2. Verlinde Formula. Let us first recall the Verlinde formula in full generality. Let C 
be a nodal curve of genus g and P±, . . . , P n be n distinct smooth points on C and X be the 
associated data. We fix a Lie algebra g, and A = (Ai, A 2 , . . . , A n ) be an n-tuple of dominant 
weight of g of level I. We refer the reader to [I] , [8] , [21] for a proof. 

Theorem 8.2. The dimension of the conformal block V-(£, g) is given by the following for- 
mula 

t i + P\ TT o • (A* + a) 2 



{(i + ^^lP/g^lF" 1 £ Tr yx (exp2 7 rv / ^Tff4)I 



2 sink- 



s' 



where exp zs i/ie exponential map form g to the simple connected Lie group G, Qi ong is the 
lattice of long roots and g* is the dual coxeter number of g. 

Let us now specialize to the case g = 0, g = so(2r + 1), £ = 2s + 1 and A = (Ax, . . . , A n ) be 
an n-tuple of weight in P2 S+1 (so(2r + 1)). The dual coxeter number so(2r + 1) is 2r — 1 and 
{(£ + g*) ra,n]iS \P/Qiong\} = 4(A;) r , where k = 2(r + s). Then the dimension of the conformal 
block is given by 

UeP 2s +i(so(2r+l)) 9=1 



det (C u i( r -i+h) - £-Mr-j+h)\ \ 4k 



where /i + p = Ya=i tne set U — (ui > u 2 > ■ ■ ■ > u r ), X q = (A*, \ 2 q , . . . , X r q ) and $ fc (£7) 
as in Section 2 of |17j . 
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Lemma 8.3. Let a be the nontrivial element of the center o/Spin(2r + l) that acts by diagram 
automorphism on the level 2s + 1 weights of so (2r + 1). Then 

Tr v (expyrV-l ■ ) = Try (expvrV-l — : — ) 

r + s A r + s 

Proof. Let p = Y7i=i a i u i e P2s+iC s o(2r + 1)). Then the weight a(p) is given by the formula 
(2s + 1 — 2(ai + • • • + a r ) + ai + a r )ui + 5TJi=2 a « a; *- Then we have the following; 

r 

a(p) + p = (2s + 2 - 2(ai H h a r ) + a 1 + a r )wi + ^(a* + l)u)i, 

i=2 

= ((2s + l)-(a 1 + --- + a r _ 1 )-y + ^^)L 1 + 

((a 2 + a 3 + • ■ ■ + a r _i) + (r - 2) + ^^)Z- 2 + ■ ■ • + ^-^L r . 
Let tobea element of the Weyl group of so(2r + 1) which send L\ — > —L\. Then 
w.(ap + p) = ( ai + a 2 + --- + y-(2s + l)-(2r-l)+r--)Li + 

((a 2 + a 3 + ■ ■ ■ + a r _i) + (r - 2) + ^^)L 2 + ■ • • + ^^r, 
= y u + p-2(r + s)L 1 . 
We taking exponential map to get the following identity. 

exp(27rv— 1— — — ) = exp(27rv— 1- 



2{r + s) ' v 2(r 

Hence the Lemma follows by the Weyl character formula. 



□ 



Let p + p = Y^i=i u iLi and p! + p' = J2i=i( u 'i ~ Consider the sets U = [u\ > U2 > 

■ ■ ■ > u r ) , and U' = (u' x > ■ ■ ■ > u' r ) and let [U] and [U'\ denote the class of p, p! in 
P+ +1 (so(2r + l))/r and P 2 ° + iO(2r + 1 ))/ r respectively. 

Without loss of generality we can assume that V\ 1 (8) • • ■ (g> V\ n has non-trivial invariants 
since this is a necessary condition for the conformal block to be non-zero. Since the function 
is invariant under the action of center, by Lemma [8731 we can rewrite the Verlinde formula 
in 18.11 in the following way: 

" det (C u ^+ r ^' + i) - C Ul{X * +r ~ 3+ ^) ( §k(U)\ 

(8 ' 2) + ^ 1 0rb ^ 1 11 det (Cl( ^ + |) _ T^^W) V ^F~ ) + 

[t/]eP+ +1 ( S o(2r+i))/r «=i 15 > v 7 

(8 ' 3) ^ 1 0rb ^' 1 11 det (c K-!)(^ + §) _ C -K-|)(^ + |)) (, 4^ ) ' 

[ c/ ']eP 2 ° s+1 (so(2r+i))/r 9=1 uei ^ ^ ^ v 7 

where | Orb;/ 1 , | Orbjy/ | denote the length of the orbits of p and p! under the action of T on 
P+ +1 (so(2r + l)) and P° +1 (so(2r + l)). The sets P+ +1 (so(2r + l))/r and P° +1 (so(2r + l))/r 
are the orbits of P 2 + +1 (so(2r + 1)) and P 2s+1 (so(2r + 1)) under the action of T. 
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8.3. Final Step of Dimension check. The main result of this section is that using the 
Verlinde formula we prove that the target and the source of the rank level duality map in 
Theorem 17. II have same dimension. 

Let us recall the following two lemmas from [17]. We refer the reader to [TTJ, pages 2694- 
2695 for a proof. 

Lemma 8.4. For a positive integer a, letV andV c be complementary subsets of '{1, ... ,0—1} • 
Then 

{2a)\ y \ 2(2a)l ycu WI 
®2a{V) ~ $ 2a (y c U{a}) 

Lemma 8.5. Let V' C S = {|, . . . a — -} and V' c be the complement. Then we have: 

(2a)\ y '\ (2a) v ' c 

Let Aj G y T)S such that YH=\ I'M i s even an d X be the data associated to n-distinct points on 
P 1 . Denote by A the n- tuple of weights (Ai, . . . , A n ) and A T the n-tuple of weights (Xj, . . . , A^). 
Consider the conformal blocks VUX, so(2r + 1)) and VL(j£, so(2s + 1)). 

A A 

Proposition 8.6. IfY17=i \M ^ s even ! then the following equality of dimensions holds. 
dime Vt(X,so(2r + 1), 2s + 1) = dim c v| T (X, so(2s + 1), 2r + 1) 



Proof. By Lemma 15.21 it is enough to show that the following equalities 
= I Orbf/c I JJ - 



det (C u i( r -^'+l) - (-"fC'-J+D) V 4fc 
where [/ G P 2 + +1 (so(2r + 1))/T and r + sGt/. 

" det - f-M-M+r-jH)) /$ k (U' - \) 

I Orb;// | 



J det (cK-IXr-i+l) - (-K-|)(^'+i)) 



4A; r 



"det (£«'-§) - W+r-i+D) /$ fc (( r + 8+1)- U' c )\ 

- \Orb {{r+s+iyuic) \[[ — pr^— ^ _ r(< _| )(r _, + i )) ^ J 

where £/' G P2 S+1 (so(2r + l))/r. Now by Lemma [8.41 and Lemma [8.51 we know that 



0rb „|('W=IOrb, <(^ U * 



Ak r J '\ Ak s 

*k{U'-i)\ f^k{{r + s + \)-U' 



Ak r \ 4k 
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Thus we need to check to the following identity of determinants for the pair (U, U c ) which 
follows from Lemma 111.21 

™ det (^M+r-i+l) - (-MK+r-i+h)} " det ((<(( A ^) j + r -i+l) - 

11 det (£ u *( r -J'+5) - ~~ 1 = 1 det (( u ;( r -J-4) - ' 

and 

-A- det ((K-l)( A ?+ r -i+l) - (-K-IX^+r-i+l)) 
W det (CK-|)(^+D - c-K-sXr-j+D) 

JL det (^«-3)((^) i +»-i+2) - ^-W-DCW+r-i+D) 
= AJ det (C«-2)(^'+2) - ^-K-iXr-i+l)) ' 

for the pair ([/', £/ /c ), where \ T q = ((Aj) > > (A^) s ). This completes the proof. □ 

With the same notation and assumptions as the Proposition 18.61 we have the following 
Proposition. 

Proposition 8.7. If^2™ =1 |A| is even, then the following equality of dimensions holds. 
dim c V| U(T(0) (X,so(2r + 1), 2r + 1) = dim c V| TU(t{o) (£,so(2 S + 1), 2r + 1) 

Proof. The proof follows from the proof of Proposition 18.61 Lemma H 1.61 and Lemma \1 1 . 71 □ 

Let Aj G y r , s such that ^1=1 I'M * s °dd anc ^ ^ e * ne data associated to the n-distinct 
points on P 1 . Denote by A the n-tuple of weights (Ai, . . . , A n ) and A T the n-tuple of weights 
(Af , . . . , Consider the conformal blocks Vt uQ (X,so(2r + 1)) and Vt T (X,so(2s + 1)). 

Proposition 8.8. 

dim c Vt u0 (X,50(2r + l),2s + 1) = dim c Vt Tua{o) (X,so(2s + 1), 2r + 1) 

Remark 8.9. These equalities of the dimensions of the conformal blocks gives rise to some 
interesting relations between the fusion ring of so(2r + 1) at level 2s + 1 with the fusion ring 
of so(2s + 1) at level 2r + 1. See [19] for more details. 

9. Highest Weight Vectors 

In this section we briefly summarize the construction of the highest weight integrable 
modules Ho(so(2r + 1)) and H Ul (so(2r + 1)). We use this to explicitly describe the highest 
weight vector of the components that appear in the branching. Our discussion follows closely 
the discussion in ITS]. 



9.1. Spin Modules. We first recall the definition of the Clifford algebra. Let W be a vector 
space (not necessarily finite dimensional) with a non degenerate bilinear for {, }. 

Definition 9.1. We define the Clifford Algebra associated to W and {, } to be 

C(W) := T(W)/I, 

where T(W) is the tensor algebra ofW and I is the two sided ideal generated by elements of 
the form v®w + w®v — {v, w}. 
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9.1.1. Spin Module of C(W). Suppose there exists an isotropic decomposition W = W + © 
W~, i.e. {W ± , W±] = and {, } restricted to W + ® W~ is non degenerate. Then the exterior 
algebra f\ W~ can be viewed as f\ iy _ -module by taking wedge product on the left. This 
gives rise to an irreducible C(W / )-module structure on f\W~ by defining 

w + .l = 0, 

for all w + e W + and le/\ W~ . 

Next if W — W © Ce be an orthogonal direct sum with {e, e} = 1 and W has an isotropic 
decomposition of the form W + © W~(we refer this as quasi isotropic decomposition of W). 
Then the C(W) -module f\W~ described above becomes and irreducible C(W) module by 
defining 



V2e.v := ±(-l) p v for v G /\ W~ 

Any element of ^"(respectively W + ) is called a creation operator 
tion operator). 



respectively annihila- 



9.1.2. Root Spaces and basis of so{2r + 1). Consider a finite dimensional vector space W r of 
dimension 2r + 1 with a non-degenerate symmetric bilinear form {, }. Let {ej}[ = _ r be an 
ortho normal basis of W r . For j > set 

1 ^— , , , 1 



V2 



ej + 



-le. 



le. 



and 



e 



Let 



_1 be the chosen ordered basis of W r . 



For any i,j we define 



S 



We identify the Lie algebra so(2r + l)(W r ) with so(2r + 1) as follows 
so(2r + l) := {A E s((2r + 1)\A T J + J A = 0}, 
where J is a 2r + 1 x 2r + 1 matrix 

1 ... 

1 / 







J 



r 




1 



-1 
1 \ 







1 







\1 



/ 



E\—E' 



We put B) 
matrices. Clearly t) 
5j^k- The simple positive roots 



I and we take the Cartan subalgebra \) to be the subalgebra of diagonal 
iCB^. The corresponding dual basis of fj* is Lj, where Lj(B%) = 



=1 of so(2r + 1) are given by L\ — L 2 , 



The root spaces of so(2r + 1) are of the form 0L i= ti, = C-B^- and Ql, = CB { 



>()■ 



Remark 9.2. The basis of the vector space W r chosen is different than that chosen [10] . 
Under the change of basis the description of the root spaces, roots in [10] matches up with 
the one described here(see [13],). In this section we prefer this basis because the branching 
formulas that we describe in the next section become simpler. 
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1 



9.1.3. Spin module f\W r 2 ' ofsb(2r + l). Consider as before W r to be a 2r + 1 dimensional 
vector with a non degenerate symmetric bilinear form {, }. Let Wf- = ©[^C^, then a quasi 
isotropic decomposition of W r is given by 

W r = W+ © W~ © C0° 

We define a new vector space W r 2 with an inner product {, } as follows 

Wr +2 ~ := Wr^t^C^r 1 ] with {w 1 (a),w 2 (b)} = {w 1 ,w 2 }6 a+bt0 , 

where Wx, w 2 G W r ; a,b G Z + \ and wi(a) = wi © t a . We choose a quasi isotropic decompo- 
z+- 

sition of VFr 2 is given as follows 



Wr 2 = Wr 2 '" © 



where Wr +2,± := W r ©t^Cft 1 * 11 ]. We define the normal product ° ° for Wi(a),W2(b) G 



i 



VFr 2 by the following: 



— w 2 (b)wi(a) if a > > b, 

° w 1 {a)w 2 {b) = { Kw^ajw^b) - w 2 (b)wi(a)) if a = b = 0, 
ioi (a)u>2 (b) otherwise 



i 



We now describe the action of sb(2r + 1) on /\ W r 2 ' and the explicit description of the 
level lsb(2r + l) modules Hq (so (2r + 1)) and 'H CJl (so(2r + 1)). For a proof we refer the reader 
to [7j. 

Proposition 9.3. The following map is a Lie algebra monomorphism 



so(2r + l) -^End{/\Wr 



a+b=m 

Proposition 9.4. Suppose r > 1, then the following are isomorphic as sb(2r + 1) modules: 

(1) A e n^ +l '~)^oM2r + l)). 

(2) A° dd (^ Z+ ^)^^ 1 (50(2r + l). 

The highest weight vectors is given by 1, |).l respectively. 

9.2. Highest Weight Vectors. Let W s be a 2s + 1 dimensional vector space over C with 
a non degenerate bilinear form {, } and {e p }p =1 be a orthonormal basis of W s and let 
1 , . . . , 4> s , (ft , (p~ s , . . . , (j)' 1 be an ordered isotropic basis of W s as before. The tensor product 
of Wd = W r © W s carries a non degenerate symmetric bilinear form {, } given by the product 
of the forms on W r and W s . Clearly for — r < j, < r; — s < p < s the elements {e JiP := ej ©e p } 
form an orthonormal basis of Wd- By (j,p) > we mean j > or j = 0,p > and put 

1 . , — , _ 1 . , — 
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for (j,p) > 0. The form {, } on Wd is given by the formula 

(f)- k '~ g } = 5 j:k S p>q , for - r < j, k < r; -s < p, q < s 

Let as before W d = ©(j P ) >0 C0 ±J ' ±P and 0,0 = eo,o- The quasi isotropic decomposition of 
Wn is given as follows 

W d = W+ © Wj © C0°'° 

We define the operator E{* by E^ p q {^' 1 ) = 5^ k 5i^ v and Bjj = E^-E^L* and the Cartan 
subalgebra Sj to be subalgebra generated by the diagonal matrices. Clearly Sj = ®(j )P ^ >0 CB^ p . 
Let Lj^p be the dual of B 3 - V p for (j,p) > 0. Thus fj* = ®(j, p )>o^Lj jP 



9.2.1. Highest Weight Vectors as Wedge product. To every Young diagram in y T)S we associate 
an 2r + 1 x 2r + 1 matrix. First to every Young diagram A we associate a r x s matrix Y(X) 
as follows 

„,., JO if A has a box in the (i,j) position 
^ ' M | 1 otherwise 

Finally to Y(A) we associate the matrix 



Y(X) 





1 ... 


s 


-s ... -1 


1 


( 


1 


1 1 \ 




Y(X) 






r 




1 


1 ... 1 





1 ... 


1 1 


1 ... 1 


— r 








-1 


U i 


1 1 


111/ 



For A G y r , s let Y(A) be the image of y r ^ s we define the following operations 
(9-1) <y L (Y{\)) hP := Y{\) hp -5 hl 5y iMl 



a H (Y(X)) jtP := YMte-faS? 



(9.2) 



The following Proposition in [13] gives the highest weight vectors for the branching rule 
described in Section I 



Proposition 9.5. The vector ( f\~ =0 J ' P (— |)).l defined up to a sign for each of the matrices 

Y(A) ; cr L (Y(A)) ; a R (Y(X)), a L (a R (Y(X))) gives a highest weight vector of the components 
with highest weight (A, A T ) ; (cr(A),A T ) ; (A,a(A T )) and (cr(A), cr(A T )) 

Next we describe the highest vectors for some of the components in the "Kac-Moody" form. 
We use this explicit descriptions to prove the basic cases of the rank-level duality conjectures. 
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9.2.2. Highest weight vectors in Kac-Moody form. Let A, A' G y r>8 and assume that A is 
obtained from A' G y r>s by adding two boxes. In terms of the matrices described in the 
previous section Y(X) is obtained from Y(X') by making the 1 to in exactly two places of 
Y(X') say at (a, b) and (c,d). Assume that (a, b) < (c,d) under the Lexicographic ordering. 

The following Proposition describes the highest weight vectors in the "Kac-Moody" form 
i.e. as elements of universal enveloping of so (2c? + 1) acting on the highest weight vectors of 
n (so(2d + 1)) and H m (so(2d + 1)). 

Proposition 9.6. Let X and X' be as before. Then the following holds: 

(1) If Vy G End(/\ W d 2 ' ) be the highest weight vector of the component H\i(so(2r + 
1)) <8> 1-L\it(so{2s + 1)) ; then the highest weight vector v\ of the component 1-L\(so(2r + 
1)) <S> H\t(so(2s + 1)) is given by the following: 

vx = B a J b c _ d (-l).v y . 

(2) Ifv x ' is the lowest weight vector ofH\i(so(2r + 1)) ®% x it{so(2s + 1)) ; then the lowest 
weight vector v x of the component "H A (so(2r + 1)) (g) "H a t(so(2s + 1)) is given by the 
following: 

v* = B-r b (-i).v x '. 

Proof. The proof of the above easily follows from Proposition 19.51 and Proposition 19.31 □ 

Remark 9.7. There is no unique way of building a Young diagram X starting from the empty 
Young diagram. So there is no uniqueness in the expressions of the highest weight vectors 
described in Proposition ^ .b\ 

10. Proof of Theorem 17.11 

In this section we give a proof of Theorem 17.11 The main steps of the proof are summarized 
below. 

10.1. Key Steps. The strategy of the proof of Theorem 17.11 follows closely to [1] and [16] 
but has some significant differences in the individual steps. 

10.1.1. Step I. We study the degeneration of the rank- level duality map on P 1 with n marked 
points. We use Proposition 110. 101 to reduce to case when the conformal blocks is on P 1 with 3 
marked points and the representation attached to one of the marked points in uj\. The details 
of this step are explained in Section 110.41 

10.1.2. Step II. We are now reduced to proving the rank-level duality for any any admissible 
pair of the form (cji,A 2 ,A3) and (cut , {3i , /3 2 ) . We use Proposition 16.41 to determine which 
conformal blocks on P 1 with 3 marked points with representations of the form (ui, A 2 , A3) are 
non zero. 
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10.1.3. Step III. We use Proposition 13.61 and further reduce to proving the rank-duality for 
3-pointed curves for admissible pairs of the following forms: 

(1) (cui, A 2 , A 3 ); (cui, A-f, A3 ), where A 2 , A 3 G and A 2 is obtained by A 3 either by adding 
or deleting a box. The rank-level duality for these cases are proved in Section 110.2.51 
and Section [10.21 

(2) (lui, A, A); (ui, A T , cr(A T )) where A G y r , s and (A,L r ) ^ 0. The rank-level duality for 
the above these cases are proved in Section 110.31 

10.2. The minimal 3-point cases. In this section, we prove the rank-level duality isomor- 
phism for 1 dimensional conformal blocks on P 1 with 3 marked points. We use these cases to 
prove the rank-level duality isomorphism in the general case. Through out this section, we 
will assume that (Pi, P 2 , P3) = (1, 0, 00) with coordinates £1 = z — 1, £2 — z and £ 3 = -. We 

denote by X the associated data. Let A 2 , A 3 G y T)3 , A = (a>i, A 2 , A 3 ), A = (ui,u>x, 0) and A 2 is 
obtained from A 3 is adding or deleting a box. 

Remark 10.1. The following strategy is influenced by the proof of Proposition 6.3 in [I]. 
Let us summarize our main steps to prove these minimal cases. 

10.2.1. Step I. We always choose |$ 2 )( respectively |$ 3 )) to be the highest (respectively 
lowest) weight vector of the module with highest weight (A 2 , A^) (respectively (A3, A^)). 

10.2.2. Step II. If A 3 is obtained from A 2 by adding a box in the (a, 6)-th coordinate, then 
we choose |$i) to be <p a,b {— |). If A 2 is obtained from A 3 by adding a box in the (a, 6)-th 
coordinate, then we choose to be (j)~ a <~ b (— |). With this choice it is clear that the ft 
weights of |$i C*D $ 2 <S> $3) is zero. 

10.2.3. Step III. We use induction on max(|A 2 |, |A 3 |). The basic cases of induction are proved 
in Section flO.2.51 Assume that |A 2 | = |A 3 | + 1. Let A' 2 G y r>s be such that 

(1) A 2 is obtained by adding two boxes from A' 2 . 

(2) A 3 is obtained by adding a box to A' 2 - ( The other case |A 3 | = |A 2 | + 1 is handled 
similarly) 

10.2.4. Step IV. We use gauge symmetry to reduce to the case (ui, A' 2 , A3). This is done in 
Proposition 110.61 Now max(|A 2 |, |A 3 |) < |A 2 |. (The other case is handled similarly). Hence 
we are done by induction. 

Remark 10.2. The minimal cases here are similar to the minimal cases in [I]. In the case of 
symplectic rank-level duality, T. Abe identified the rank-level duality map with the symplectic 
strange duality map and used the geometry of parabolic bundles with a symplectic form to 
prove that the rank-level duality maps are non zero. As remarked earlier, we were not able 
to describe the map in Theorem \7.1\ geometrically. However the steps described above can be 
used to tackle minimal cases in pQ. 

Now we focus on the proof of the rank-level duality for the one dimensional conformal 
blocks discussed in the strategy. 



26 SWARNAVA MUKHOPADHYAY 

10.2.5. The basic cases for induction. The finite dimensional irreducible so(2d + 1) module 

V Wl can be realized inside f\ odd W^ +2 ' as vectors of the form |). On V Ul there is a 

canonical so (2d + 1) invariant bilinear form Q given by the following formula. 

We think of P 1 as C U {oo} and z be a global coordinate of C. Through this section we 
assume that the points P± = 1 with coordinate £i = z — 1, P 2 = with coordinate £2 = 2 
and the point P3 = 00 with coordinate £3 = - and X be the associated to P 1 and points 

p = (P\, P2, P3) with chosen coordinates. Also let A = (oj\, u±, 0). 

Lemma 10.3. Let A = (ui,Ui,0). Then the following rank-level duality map 

V x (X,so(2r + 1), 2s + 1) ® V A - T (X,so(2s + 1), 2r + 1) -> V x (X,so(2d + 1), 1) 
zs non ^ero. 

Proof. Let (^'| G Vt(X, $o(2d + 1), 1) be a non zero element. It is enough to produce |$i ® 
$2 <8> $3) e H A (so(2r + 1) ® "H A ^(so(2s + 1)) such that 

<g> $ 2 <g> $3} 7^ 0. 

We choose = |), |<3> 2 ) = |) and |$ 3 ) = 1. By Propagation of Vacua we 

get 

= 1. 

□ 

Lemma 10.4. Let A = (oji,oji,2oji) or (ui, coi, 002). Then the following rank-level duality 
map 

V A (£, so(2r + 1), 2s + 1) <g> V A - T (£,so(2s + 1), 2r + 1) -> V X (X, so(2rf + 1), 1), 
zs non zero. 

Proof. First let A = (cji, W\, 2ui). We choose ($3) to be the lowest weight vector of the module 
W 2 wi(*o(2r + l))®7C a (jeo(2s + l)), |$ 2 ) = ^(-j)- We choose |$i) such that the Sj weight 
of |$i $2 ® ^3) is zero. In this case = </> 1,2 (— |). By "gauge symmetry", we get the 
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following: 

m^(~)9^(~)9B^-\-i).i) 
= w 1,2 (-~) ® ^\-\) ® 5ri ,-1 (^).i>, 

= -(^I^J'-V'^-i) ® s 1) - (^I^C-i) ® flri^W-^C-^) ® i)> 

= _(^|^-W(_1) g) 1) g, 1} [Since = o], 

^ 0. [By Proposition IHT3] 
The case A = (ui, Ui, a> 2 ) follows similarly. 

□ 

Lemma 10.5. Lei A = (a;i,a;i + a;2,2a;i) or + u; 2 ,a; 2 ). 27ien the following rank-level 

duality map: 

V x (X,so(2r + 1), 2s + 1) <g> V^ T (X, so(2s + 1), 2r + 1) -> V x (£,so(2d + 1), 1), 
zs non zero. 

Proof. Let A' 2 = ui\ and A 2 = uj\ + u>2- Since A 2 is obtained from A' 2 by adding two boxes in 
the (1,2) and (2, 1) coordinate. Thus by Proposition I9.6j we get 

As in Proposition 110.41 the vector |$ 3 ) = B± 2 '~ (— l).l. We choose |$ 2 ) = v\ 2 and |$i) such 
that the fj weight of |$i <E> $ 2 (g> $ 2 ) is zero. In this case = 0~ 2 ' _1 (— ~). By gauge 
symmetry, we get the following: 

w^c—) ® ^.^(-^^(-i) ® sri' -1 (-i).i> 

- W^" 1 ^) ® ^(-^ ® ^txll)^'-^-!).!), 
= -{V\Bhl^- 2 >-\-\) ® ^(-i) ® ^'^(-l)-!) 

- W^C-^ ® ^(-^ ® B 1 ; 2 1 '- 1 (-i)^ 2 V 1 (i).i} 

® ^(-^ ® [sit-iCi),^-^-!)].!), 

= - ® ^(-i) ® ^-^(-l).!}, 

^ 0. [By Proposition [HO] 

□ 
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10.2.6. The inductive step. 

Proposition 10.6. Let | Aa ] = | A3 j + 1 and A2 is obtained from A3 by adding a box in the 
(c, d)-th coordinate. Further assume that A3 is obtained from A' 2 by adding a box in the (a, b)-th 
coordinate. Then the following are equivalent: 

(1) The rank-level duality map for the pair (cut, A2, A3); (cut, X%, Xj) is non zero. 

(2) The rank-level duality map for the pair (cui, A' 2 , A3); (cui, A' 2 T , A3 ) is non zero. 

Proof. Without loss of generality assume that (a, b) < (c,d). Let ($'| e Vt(X, so(2d + 1), 1) 

be non zero. We choose |$i) = 0~ a ~ 6 (— |), |$ 2 ) = B°^ c _ d (— l)vy and |$ 3 ) to be the lowest 
weight vector of the component. Then we have the following: 

<g> $2 ® $3) 

= (S) B a _! b c> _ d (-l)vy 2 ® $3), 

= -<« / |B^_^-'-*(-i)®^®$s> 

-(W'|0-°'- 6 (-i) ® VA , ® S^_ d (l)<& 8 >, 

= (y'\<f> c ' d {--) ® V\i ® $3). ( By Lemmada?]) 
2 

The last expression is exactly the one that one consider to prove the rank-level duality for 
the pair (cji, A' 2 , A3); (cui, A' 2 T , A^). Hence we are done. □ 

Lemma 10.7. With the above notation we have the following 

#£_ d (l)|*3>=0. 

Proof. Since | A3 1 is even, the lowest weight vector |$ 3 ) is of the form B~j'~ b (— l)v . Moreover 
v has the form Ylaei X- a {— l).l such that (L a &, a) = where / is a subset of positive root 
of so (2d + 1) and X_ a is a non-zero element in the weight space of the —a. 



B;r\-i)B a *(i)v + [i?:j(i),i?:r 6 (-i)] 



V. 



= B-r\-i)B^_ d (i) n^-a(-)-i + Ki,5-r fe ] n^-«(-i)-i. 

= B^(-l)(n*-«(-l))#£^^ 
= 0. 

Hence the Lemma follows. 

□ 

The following Proposition has a similar proof to the previous one and tackles the case 
I A 3 1 = |A 2 | + 1. 
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Proposition 10.8. Let | A3 1 = | A2 1 + 1 and A3 is obtained from A2 by adding a box in the 
(c, d)-th coordinate. Further assume that A2 is obtained from A' 3 by adding a box in the (a, b)-th 
coordinate. Then the following are equivalent: 

(1) The rank-level duality map for the pair A2, A3); (oux, Af\ Xj) is non zero. 

(2) The rank-level duality map for the pair (ojx, A2, A3); (ojx, Af, A' 3 T ) is non zero. 

10.3. The remaining 3-point cases. As before, we will assume that (Pi, P2, P3) = (1, 0, 00) 
with coordinates £1 = z — 1, £2 = z and £3 = -. We denote by X the associated data. Let 
A = (ui, A, A), A = (ui,Ui,0)i where A G y r , s such that (A, L r ) ^ 0. The proof of the next 
Proposition follows the same pattern as Proposition 110.61 We give a proof of the first part 
for completeness. 

Proposition 10.9. The following rank-level duality maps are non-zero 

(1) Let |A| is odd and X T = A T , <r(A T )) 

V x (X,so(2r + l),2s + 1) ® V A - T (X, so(2s + l),2r + 1) -»■ V K (X,so(2d + 1), 1) 

(2) Let |A| is even and X T = (uji, c(A T ), A T ) 

V x (X,so(2r + l),2s + 1) ® V A - T (X, so(2s + l),2r + 1) ->■ V^(J,so(2d + 1), 1) 

Proof. Let A' 6 3^V,s be such that cr(A) is obtained by adding boxes in (0, 1) and (r, a) to A' 
and A is obtained by adding a box in the (r, a)-th position. Since |A| is odd, the module with 
highest weight (A,cr(A T )) appears in the branching of Ho(so(2d + 1)). By Proposition 19. 5[ 
the lowest weight vector is given by l)v A , where v x is the lowest weight vector of the 

irreducible module with highest weight (A', A /T ). 

As before we choose [$3) to be the lowest weight vector of the module with highest weight 
(A,er(A T )) and ($2) to be the highest weight vector v\ and to be such that the $) weight 
of |$i <g> $2 <8> $3) is zero. In this case |$i) is 0°' 1 (-|). 

Let (^'l G Vt(X, g, 1) be a nonzero element. We use gauge symmetry as before to get the 
following 

(^'|<3>l <g) $ 2 <g> $3) 

= (*V°' 1 (-^)®^®i?°; a " 1 (-iy), 

= -(^| J B r °- 1 (-l)0 O ' 1 (-^)®^®^') 

-(«'l^(--)^; 1 (ih«« v > 1 

= (^ / |0~ r " a (-i) (8) t; A g) w A '). (By Lemma similar to HUT]) 

Now the we known that (^>'\(j)~ T ~ a (— ~) £g> u a <8> f A ') 7^ since rank-level duality holds for 
the pair (ojx, A, A'); (ux, X T , X' T ). 

□ 
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10.4. The proof in the general case. In this section we give a proof of Theorem 17.11 
First we formulate and prove a key degeneration result using the compatibility of rank- 
level duality and factorization discussed earlier. Let Ai,A 2 be rii, n 2 tuples of weights in 
P2 S+1 (so(2r + 1)). Consider an n-tuple A = (Ai, A 2 ) of weights in P 2 ° s+1 (so(2r + 1)). Similarly 
consider fl = (/2i,/Z 2 ) a ( n i + n 2) tuple of weights in P 2T , +1 (so(2r + 1)) such that X, fl is an 
admissible pair. 

Proposition 10.10. With the above notation, the following statements are equivalent: 

(1) The rank-level duality map for the admissible pair A, fl is an isomorphism for conformal 
blocks on P 1 with n-marked points. 

(2) The following rank-level duality maps for the admissible pairs are all isomorphic. 

• The rank-level duality maps are isomorphisms for all admissible pairs of the 
form Ai U A, /ii U /i for conformal blocks on P 1 with (n\ + 1) marked points. 

• The rank-level duality maps are isomorphisms for all the admissible pairs of the 
form A 2 U A, ytT 2 U fi for conformal blocks on P 1 with (n 2 + 1) marked points. 

Proof. The proof follows from Corollary 14.51 and Proposition 13.31 Details will be added later. 

□ 

An immediate corollary of the Proposition 110.101 is the following: 

Corollary 10.11. If the rank-level duality conjecture holds for P 1 with 3 marked points then 
it holds true for P 1 with arbitrary number of marked points . 

By Proposition 13. 6} we can further reduce to prove the rank level duality for a admissible 
pair of the form (Ai, A 2 , A) and (Af , A^, (3) where Ai, A 2 £ y r ^ s . Let A = (ui, . . . , U\, A, A 2 ) and 
fl = (ui, . . . , cux, (3, A 2 ), where Ai, A 2 £ y r>s and the number of u±s are |Ai|. Clearly the pair 
A and fl are admissible. The following corollary follows directly from Proposition 110.101 and 
Lemma 110.131 

Corollary 10.12. Let Ai,A 2 £ y r , s - If the rank-level duality is an isomorphism for any 
P 1 with |Ai| + 2 marked points for the admissible pair A = (oui, . . . , Ui, A, A 2 ) and fl = 
(ui, . . . , 0, X 2 ) , then the rank-level duality on P 1 with 3 marked points is also an isomor- 
phism for the admissible pairs (Ai, A, A 2 ) and (Af , (3, A^). 

Lemma 10.13. Let A £ y r , s , and A = (A,wi, . . . where the number of ui is \X\, then 

dim c Vt(X,so(2r + l),2s + l) ^0 

Proof. The proof follows directly by factorization of fusion coefficients and induction on |A|. 

□ 

10.4.1. Reduction to the one dimensional cases. In the previous section we reduced Theorem 
17. II to the for admissible pairs of the form A = (cui, . . . , ui, A, A 2 ) and fl = (u>i, . . . , (3, A^) 
where A £ P 2 ° s+1 (so(2r + 1)), the number of Wi's are |A|, A 2 £ y rjS and (3 £ P 2 ° r+1 (so(2s + 1)). 
The following Lemma shows that we can further reduce to the case for certain 1 dimensional 
conformal block on P 1 with 3 marked points. 
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Lemma 10.14. Let Ai, A 2 G P 2 °+i( S0 ( 2r + X )) and Pufh G A°r+i( so ( 2s + V the rank - 
level duality holds for any admissible pairs of the form (\i,Wi, A2) and (fa,u\, fa), then the 
rank-level duality holds for any admissible pairs on P 1 with arbitrary number of marked points. 

Proof. The proof follows directly from Proposition 110.101 □ 

We use Proposition 13.61 and Proposition 16.21 to further reduce to the following admissible 
pairs for conformal blocks on P 1 with 3 marked points 

(1) (u)i, A 2 , A 3 ); (cj, A 2 , A3 ), where A 2 , A 3 G y r>s and A 2 is obtained by A 3 either by adding 
or deleting a box. 

(2) (tux, A, A); A T , cr(A T )), where A G y r>3 and (A, L r ) ^ 0. 

The rank-level duality in these cases has been proved in Section 110.21 and Section 110.31 
This completes the proof of Theorem 17.11 



Lemma 11.1. Let £ = exp( 
complex number (^h 2 -? -1 -* — ^~ l ( 2 j^ 1 )^ 



2(r+s) 



11. Key Lemmas 

Consider the matrix W whose (i,j)-th entry is the 



( ' c 



WW 1 



2c J 



where c 



-2(r + s) 



Let U be a partition of {1, . . . , r + s} such that r + s G U and \U\ 
permutation matrix associated to the permutation (U, U c ). 



r. Let P be the 



PWW T P~ 



( 2c 



\ 



\ 
cj 



Let A = W and B = W T and U,T as in Lemma 18.11 Then 

(11.1) c s det A UjT = sga(U, U c ) sgn(T, T c ) det A det B T c tU o. 

Let [r + s] denote the set {1, 2, . . . , r + s}. We define the following sets 

• Given any A = (A 1 > A 2 > ■ • • > A r ) G y T)S , we define a 1 = A* + r + 1 — i and 
[a] = {a 1 > a 2 > ■ ■ ■ > a r }. 

• Consider the complement [/3] = > f3 2 > ■ ■ ■ > fa) of [a] in [r + s\. We define 
another set [7] = (7 1 > 7 2 > • • • > 7 s ) where 7* = ((r + s) — (fa s+1 ~^ — ^)). 

• Let T = (ti > t 2 > ■ ■ ■ > t r ) where U = r + 1 - i; V = > t' 2 > ■ • • > t' s ) where 
t\ = s + 1 — i and T c = (t\ > t\ > ■ ■ ■ > t c s ) is the complement of T in [r + s\. 

• U = (ux > U2 > ■ ■ ■ > u r ) be a subset of [r + s] of cardinality r such that r + s £ U 
and U c = (u\ > u\ > ■ ■ ■ > uf) be the complement of U in [r + s] . 



32 SWARNAVA MUKHOPADHYAY 

Then for A G y r ,s, we can write 

— ji + p x det(C l(Qj "^ - (-^(^-D) 
Try x (exp7rV — 1 ) = ; n ; 5— , 

AV r + s det(C l(<J '"5 ) -^-"ife-D) 

det(£" i(2aJ_1) - £-«*(V-m 

~~ ^^(2*^-1) _ £- Ui (2t,-l)) ' 

where /x + p = Ya=i u i L i- 

For A T G 3^r,s) A 4 ' + p' = Si=i an d P' the Weyl vector of so(2s + 1), we can write 

Trv AT (e XP 7rV-l-— -) = — —717^ . (t , 1 



det(C u ? (t ^5)-C-«m-|))' 
det(C^ {(r+s)_(/3J "^ )) - C^iCH-')-^'-!))) 
det(C' ((r+s) " ( ^"^ )) - ^- u i« r+fl )-(*i-5))) ' 
det(C"^ (r+s) (C f(/3i_ ^ - C~ wf( ^'~' ) )) 
det(C- u * (r+fl) (C u ' ( * 5 "^ -C~ uf( * S "^)) ' 
det(C< ( ^"^ - C"^ (/3J "5)) 

det^-^-r^^V 

det(C f(2/3 '~ 1} - ^ U 1W 3 ~ 1 )) 



By applying lll.il we get the following: 
Lemma 11.2. 



r + s sgn(i , i c ) A r + s 



The following can be checked by direct calculation 
Lemma 11.3. 

sgn(H,[/3]) = (-l)^+^ 



'■('•-i) x '('-i) X | A | 



^ r(r— 1) . s(s — 1) 

sgn(T,T c ) = (-1)V+V. 
Thus we have the following equality: 

(11.2) Trv^expTrv^T^^) = (-1) |A| Trv T (exp ttv^T^-^; 



r + s' xT r + s 

Let £ = exp Then the following equality holds for any integer a and b. 

(11.3) £(2(r+5)-(2o-l))(2(r+5)-(26-l)) _ /_ 1 \(a+6)^(2o-l)(26-l) 
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Lemma 11.4. Let £ = exp( ^ + ^ ). Consider the matrix W whose (i,j)-th entry is the 
complex number (£( 2l-1 )( 2 J _1 ) — ^-C 2 *- 1 )^'- 1 )). 

/ c 



WW 1 



\ 



cj 



where c = — 2(r + s). 



s} such that \U\=r. Let A = W, B = W T and U, T 



Let U be a partition of {1, ... , 
as in Lemma [8.11 Then 

(11.4) c s det A UiT = sga{U, U c ) sgn(T, T c ) det A det B TC ^. 

Let U' = (u[ > u' 2 > ■ • • > u' r ) be a subset of [r + s] of cardinality r, U' c 



> u" 



be the complement of U' in [r + s] and p 
write 



Y2i=i( u i ~ \)Li- Then for A G we can 



Try A (exp 7T> 



For A r G y riS , /i' + p' 
can write the following: 



Try^ T (exp7n 



-V + P 



^/i + P det(C ( "H)("M) - c-(«H)("M)) 

r + s^ ~~ det(C (n ^ )fe ~^ - ' 

( J et ^(2u^-l)(2ai-l) _ ^-(2u<-l)(2o*-l)N 

= det^^ 2 "*- 1 )^- 1 ) - ^-( 2 «^i)( 2 *j-i)) ' 
Si=i(( r + s + §) ~ M f )-^« an( i P' the Weyl vector of so (2s + 1), we 

det(C« r+s )-K c -^))((^)-(/3 J -5)) - £((H-«)-(<-£))((r+ a )-(0»'-§))) 

(_l)E:=i«+ft) det(^ 2 < c - 1 )^- 1 ) -^-(^f- 1 )^ 3 - 1 )) 

(_l)E l =i«+^) det ^(2u<«=-l)(2^-l) _£-(2<-l)(2t?-l)) ' 



(_l)EU(*f) det(e (2 < c - 1)(2t ?- 1) 
(-1) 



-(2uf-l)(2tJ-l)> 



^idet^^" 1 )^ 3 - 1 ) - ^-( 2 «f-i)( 2 /3 J -i)) 



det(^ (2 < 



-l)(2tS-l) 



(2tii°-l)(2tS 



From[TT31 we get the following: 
Lemma 11.5. 

Try A (exp7TA 



1 



P + P^ 



Try T (exp7p 



1 



p' + p', 



> u r ) be a 



r + s r + s 

11.1. Some Trace calculations. Let £ = exp( z ^j-) and [/ = (u\ > u 2 > 

subset of [r + s] of cardinality r. Then we have the following 

£( Uj -I)((2r+l)+ S -i) _ ^-( Uj -I)((2r+l)+ S -|) = ^(« i _I)( 2 (r+«)-(«-i)) _ £-( Wi -§)(2(r+ S )-( S -i)) 

= _^-(«i-i)(«-i)_^(«i-3)(«-3)) > 
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The proof of the following Lemma follows from the above and the Weyl character formula. 

Lemma 11.6. Consider the dominant weight A = (2s + o/so(2r + 1) of level 2s + 1. Let 
U = (ui > U2 > ■ ■ ■ > u T ) be a subset of [r + s] or cardinality r and p + p = YH=i( u i ~ k)Li- 
Then 

Tr A (exp(7rv^T^)) = 1. 

r + s 

Let ( = exp( zl ^i) and U = {u\ > > ■ ■ ■ > u r ) be a subset of [r + s] of cardinality r. 
Then we have the following 

£Ui((2r-+l)+s-f) _ £-Ui((2r+l)+s-|) = £«i(2(r+s)-(s-±)) _ £-Ui(2(M-s)-(s-|)) 

_ £- «i(s-|) _ £«i(s-5) 

_ _^Mi(s-|) _ ^- «i(s—|)\ 

The proof of the following Lemma follows from the above and the Weyl character formula 

Lemma 11.7. Consider the dominant weight A = (2s + l)uj\ of so(2r + 1) of level 2s + 1. 
Let U = (ui > u 2 > ■ ■ ■ > u r ) be a subset of [r + s] or cardinality r and fi + p = YH=i u iLi- 
Then 

Tr A (exp( 7 rv / =T^)) = -1. 
r + s 
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